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Small-study effects in meta-analysis

Small trials may show larger treatment effects than big trials, potentially
caused by
I Publication bias:

Small studies tend to be published only if they show a large effect
I Selective outcome reporting bias:

Present the most significant outcome
I Clinical heterogeneity between patients in large and small trials
I For binary data, treatment effect estimate correlated with standard

error
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Small-study effects in meta-analysis

I Graphical representation of small-study effects: Asymmetry in funnel
plot

I Numerous tests for funnel plot asymmetry available (Sterne et al.,
2011)

I Treatment effect estimates adjusted for small-study effects
I Copas selection model (Copas and Shi, 2000)
I Trim and Fill method (Duval and Tweedie, 2000)
I Regression-based approach (Stanley, 2008; Moreno et al., 2009)
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A funnel plot showing a strong small-study effect
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Extended random effects model (Rücker et al., 2010)

I Random effects model in meta-analysis:

xi = µ+
√
σ2

i + τ2 εi , εi
iid
∼ N(0, 1)

xi observed effect in study i, µ global mean,
σ2

i within-study sampling variance, τ2 between-study variance
I Extended random effects model, taking account of possible small

study effects by allowing the effect to depend on the standard error:

xi = β+
√
σ2

i + τ2 (α+ εi), εi
iid
∼ N(0, 1)

β replaces µ, and α represents bias introduced by small-study effects
(‘publication bias’) (Stanley, 2008; Moreno et al., 2009)
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Interpretation of α in the extended random effects model

xi = β+
√
σ2

i + τ2 (α+ εi), εi
iid
∼ N(0, 1)

I α interpreted as the expected shift in the standardised treatment
effect if precision is very small:

E
(
xi − β

σi

)
→ α, σi → ∞

I α corresponds to the intercept in a radial (Galbraith) plot
I Egger test on publication bias based on H0 : α = 0
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Interpretation of α in the extended random effects model

xi = β+
√
σ2

i + τ2 (α+ εi), εi
iid
∼ N(0, 1)

I β0 = β+ τα interpreted as the limit treatment effect if precision is
infinite:

E(xi)→ β+ τα, σi → 0

I Interpretation of β changes as α is included in the model: In the
presence of a small-study effect, the treatment effect is represented
by β+ τα instead of β alone

I β+ τα corresponds to a point at the top of the funnel plot
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ML estimation of α and β

I Use inverse variance weighting: wi = 1/(s2
i + τ̂2)

I ML estimates β̂ and α̂ can be interpreted as slope and intercept in
linear regression on so-called generalised radial (Galbraith) plots

I α and β often estimated with large standard error, particularly if
I there are only few studies, or
I there are small studies (large random error) with extreme results

⇒ Potentially false positive finding of small-study effects
I Idea: Shrinkage by inflation of precision, based on extended model

Gerta Rücker, Freiburg Small-study effects in meta-analysis Sunday, 18 September, 2011 9



Small-study effects Extended random effects model Application Simulation study Concluding remarks References

Inflation of precision, based on extended model

xi = β+
√
σ2

i + τ2 (α+ εi), εi
iid
∼ N(0, 1)

I Imagine each study has an M-fold increased precision:

xM,i = β+
√
σ2

i /M + τ2 (α+ εi), εi
iid
∼ N(0, 1)

I Limit meta-analysis:
Let M → ∞, substitute estimates for β, τ2, σ2

i and εi

x∞,i = β̂+

√
τ̂2

s2
i + τ̂2

(xi − β̂)

I Limit meta-analysis compared to empirical Bayes estimation
I Takes account for bias correction
I Shrinkage factor

√
τ̂2

s2
i +τ̂2 less marked than for empirical Bayes

(
τ̂2

s2
i +τ̂2

)
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Application: NSAIDS example

Example
I Meta-analysis of 37 placebo-controlled randomized trials on the

effectiveness and safety of topical non-steroidal anti-inflammatory
drugs (NSAIDS) in acute pain (Moore et al., 1998)

Models compared
I Fixed and random effects model
I Three estimates based on limit meta-analysis (Rücker et al., 2010)

I Expectation β0 = β+ τα
I Model including bias parameter
I Model without bias parameter

I Copas selection model (Copas and Shi, 2000)
I Trim and Fill method (Duval and Tweedie, 2000)
I Peters method (Moreno et al., 2009)
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NSAIDS example (Moore et al., 1998): Funnel plot
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NSAIDS example (Moore et al., 1998)
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NSAIDS example (Moore et al., 1998)
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NSAIDS example (Moore et al., 1998)
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NSAIDS example (Moore et al., 1998)
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NSAIDS example (Moore et al., 1998)
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NSAIDS example (Moore et al., 1998)
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Shrinkage, resulting in limit meta−analysis
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NSAIDS example (Moore et al., 1998)
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NSAIDS example (Moore et al., 1998)
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NSAIDS example (Moore et al., 1998): Effect estimates

Model Odds ratio [95% CI]
Fixed effect model 2.89 [2.49; 3.35]
Random effects model 3.73 [2.80; 4.97]

Trim and fill (random effects estimate) 2.45 [1.83; 3.28]
Copas selection model 1.82 [1.46; 2.26]

Limit meta-analysis, expectation (β0 = β+ τα) 1.84 [1.26; 2.68]
Limit meta-analysis, including bias parameter 1.52 [1.04; 2.21]
Limit meta-analysis, without bias parameter 1.76 [1.52; 2.04]

Peters method 1.51 [1.03; 2.20]
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Simulation study (Rücker et al., 2011)

36 Scenarios, based on binary response data, each repeated 1000 times,
setting
I the number of trials in the meta-analysis: 10

(trial sizes drawn from a log-normal distribution)
I heterogeneity variance τ2 = 0.10
I true odds ratio: 0.5, 0.75, 1
I control group event probability: 0.05, 0.10, 0.20, 0.30
I small-study effects simulated based on Copas selection model

(Copas and Shi, 2000), with selection parameter ρ2 : 0, 0.36, 1
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Simulation results: Mean Squared Error (MSE)

Event proportion in control group
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Simulation study: Summary of results

I In the absence of small-study effects
I Conventional models worked best
I Copas selection model preferable to Trim and Fill
I Extended random effects model not optimal

I In the presence of strong selection
I Limit meta-analysis without bias parameter had smallest MSE
I Limit meta-analysis including bias parameter had smallest bias
I Limit meta-analysis expectation and Peters method had best coverage

I Estimates robust against varying estimators for τ2

(Diploma thesis Dominik Struck, Freiburg)
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Concluding remarks

Modelling and philosophy
I Extend the random effects model by a parameter for bias caused by

potential small-study effects
I Limit meta-analysis yields shrunken estimates of individual study

effects — can also be justified from an empirical Bayesian viewpoint
I Consistent with the philosophy of random effects modelling, that

‘inference for each particular study is performed by ‘borrowing
strength’ from the other studies’ (Higgins et al., 2009)

I For adjusting it doesn’t matter where small-study effects come from
(Moreno et al., 2009)

I Large studies are more reliable than small studies
‘Could it be better to discard 90% of the data? A statistical paradox’
(Stanley et al., 2010)
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Appendix: ML estimation of α and β

I Writing wi = 1/(s2
i + τ̂2) (inverse variance weighting), obtain

estimates

β̂ =

∑k
i=1 wixi −

1
k
∑k

i=1
√

wi
∑k

i=1
√

wixi∑k
i=1 wi −

1
k (

∑k
i=1
√

wi)2

α̂ =
1
k

k∑
i=1

√
wi(xi − β̂).

I β̂ and α̂ can be interpreted as slope and intercept in linear regression
on so-called generalised radial plots
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Appendix: ML estimation of α and β – Variance estimates

I Variance estimates:

V̂ar (β̂) =
1∑

wi −
1
k (

∑ √
wi)

2

V̂ar (α̂) =
1
k
∑

wi∑
wi −

1
k (

∑ √
wi)

2

I Both variance estimates inversely proportional to variance of the
observed study precisions

√
wi = 1/si

⇒ Estimation is the more precise, the more precision (size) varies
between studies
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Appendix: Simulation results for bias log ÔR − log OR

Event proportion in control group
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Appendix: Simulation results for coverage of 95% CI

Event proportion in control group
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